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SPREADING OF WAVES LAUNCHED BY AN
ELF/VLF SATELLITE

BACKGROUND

In calculating a signal-to-noise power budget for a satellite-borne transmitter operat-
ing in the extremely low frequency (ELF) or very low frequency (VLF) range, it is
necessarv to calculate the geometric spreading factor of the waves as they propagate from
a source in the ionosphere to a receiver at the earth's surface. This spreading factor is the
ratio of an element of solid angle d&2 measured at the satellite transmitter to an element
of area dAE at the surface of the earth; these are related in such a way that the power
radiated by the satellite into the angle dl falls incident eventually at the earth's surface
in the element of area dAE (see Fig. 1). In producingacompiete signl level prediction
from a given transmitter, additional important factors must be evaluated, such as the
antenna radiated power pattern, the ionospheric transmission and reflection coefficients,
and the transmission coefficient of the sea surface (taking polarization into account).
These terms and their combination to provide a total power budget will be treated in
subsequent reports. The objective of this report is to describe a technique for evaluating
the spreading factor and to present examples of calculated results. In the Theory section,
we will describe more fully the background for this type of calculation and give a pro-
cedure for evaluating the elements of solid angle and area that uses a computer program
vVIIc IintuImates the ' a1c l S-ve diLterLj,±W ettaLiO. In the sectinolcuLc
and Results, we will describe some calculations and results obtained with several frequen-
cies, transmitter locations and ionospheric models.

THEORY

Geometrical Optics
The geometrical optical approachn for th.e clculat-on o .4 fP.1d s.JAeg-. Las bee u

previously in studies of electromagnetic wave propagation. Many works [1-11] discuss
or apply this approach to calculating electromagnetic field strengths. In particular,
Refs. 2 and 3 treat the case of passage at a plane boundary from a medium with a high
index of refraction, such as the ionosphere, abruptly into one with a low index of refrac-
tion, such as free space below the ionosphere. The idealized propagation problem is
formulated exactly in terms of separable wave functions in cylindrical coordinates.
References 2 and 3 show that the integral expression thus obtained may be evaluated by
the method of steepest descents and that the first term in the evaluation of the wave
fields is identical in thp PvnrPceirn gwlen hby neoniaetricl optics. (By gometrical optics~~~~~~~~-- S -7 he-- JV . Gody ' W Vt u1a .t;6U[[I i 

we mean that the resultant field amplitude is given by the product of an antenna radia-
tion pattern factor, a spreading factor computed according to geometric optic ray tracing

Manuscript submitted August 19, 1974.
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KELLY, BAKER AND CHAYT

Fig. 1 - Spreading factor quantities dn and dA5 . The inultihop
area element dAEy1) is also shown

(i.e., Snell's law at sharp boundaries) and appropriate plane-wave reflection and/or trans-
mission factors that account for the reflection and/or transmission losses occurring at
sharp boundaries.)

Reference 2 shows that higher order terms represent lateral wave, surface wave, and
evanescent wave contributions and presents an analytic propagation solution both for an
1kntrnnic mediinm and a uninxinllv snis.ntrnnir medinm Thp eniiivsdPncsP f fn apnmetridr

optics formulation and the saddlepoint evaluation of the exact integral formulation is
not shown for the general anisotropic medium (possibly because the separation of variables
technique is not usable in the general anisotropic case). Nevertheless, we will use the
geometric optics spreading term in our power budget because it has strong support from
physical intuition; it is common scientific practice to do so in treating whistlers I91, and
it has firm theoretical justification in the limited cases where exact theoretical field evalua-
tions can be obtained and evaluated by a saddlepoint technique.

The Ray Tracing Program

Alexander [12] describes a ray tracing computer program that integrates the three-
dimensional Haselgrove equations [133 along a ray path in the magnetosphere. The
Haselgrove equations are reviewed by Budden 1143. The six Haselgrove equations are
given below in the notation of Ref. 12:

2
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12 (1}

0= p2 - P 3 (2)

1P ( - A P(3)
r't sinŽ (4)

Pr 11 ar + Pa 00 + P~P sin 0 ,o (4)
par

1a r (3Ž~p im r + r cos Op) (5)
Por p3D(PJP 6

9t' r stno('2 as P fsin r - r cosop. 6) (6)

In these equations r, 0, and u are the spherical coordinates of the ray position and p is
the phase refractive index. The quantities Pr, Po, and p^ are the components of the
wave normal vector p which has magnitude M. (In other words the vector p at a point
on the ray trace has the direction of the phase velocity of the wave and its magnitude
equal to the wave's phase refractive index.) The quantities i, 0, up, Pr, Po, and Up are
the derivatives of the above quantities with respect to the speed of light times time (et).
During the computer calculation the above differential equations are integrated using a
Runge-Kutta-Gill technique 1151 and an Adams-Bashford technique 112).

Magnetospheric and Ionospheric Models

A magnetospheric ion and electron density model is used during a ray trace for the
calculation of the refractive index u of a wave located at a given point (r, 0, up) in the
magnetosphere with the wave's phase velocity pointing in a particular direction. It is
also required for determining the partial derivatives ag/aO, aF/ap 0, etc., also used in the
Haselgrove equations. The program has the option of using any of five different mag-
netospheric models. The inclusion of additional magnetospheric models is a straight-
forward computer programming problem.

A model of the lower ionosphere below 300 km was not included in the original
program, and all ray traces performed by Alexander were originated and ended at heights
at or above 300 km. For tracing rays at altitudes below 300 km, additional program-
ming was included to account for the ionospheric electron and ion densities below 300
km. Three different electron and ion density models have been used in this height
range. The values of d92/dAE do not seem to be very sensitive to the choice of lower
ionospheric electron density profile. Specific details regarding the three models (referred
to as A-4, A-2, and A-3) are contained in the Appendix.

3
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Evaluation of Direct Spreading Factor

In performing a calculation of 4•2/IdAfE from a satellite at a fixed location, an initial
starting direction is chosen for the wave propagation vector p, and a ray trace is performed
down to the earth's surface. (Sometimes the ray does not reach the earth's surface because
it reflects at some point high in the ionosphere, or because it totally reflects at the lower
UUU1IUdY ox Li iUUeIfLIOSptL.) LIUVJU Il lt, 1LA -ay tttizitrbe 3IUitlure, wit; MatJCII On "AV
earth's surface at which it intercepts the ground is stored for future use. The second and
third rays are then initiated at the satellite, with slightly different initial directions. The
locations at which these rays intercept the earth's surface are also stored. From the direc.
tlions of the three rays, a solid angle element da is determined. From the locations of
the three corresponding points on the earth's surface, an area element dAE is determined.
By this method, the ratio dS2/dAE is constructed.

When the program is run in its multihop mode, it is necessary to reverse the sign of
pr for each of the initial rays at the point where it first intersects the earth's surface and
to send it back toward the ionosphere. When each ray trace reaches a reference level
(approximately 70 km) near the bottom of the ionosphere, the sign of pr is reversed again
and the ray is headed back to the earth's surface. The coordinates of the second point of
ground intersection of each ray are noted and stored. From the locations at which the
three rays have intercepted the earth's surface after one reflection from the earth and one
renfaecion t+ +hn ionnnhbarav +tn ro+;r_ An IdA -1) ;i formdnA TASlronrh ,mffar n rnfalnito
at the ground and ionosphere, the ratio dO/dAgE(n) is formed.

At each reflection at the ionosphere, portions of the wave power will be transmitted,
reflected, and absorbed. These losses must be accounted for in a total power budget, but
are not a part of the spreading factor.

At first glance one might doubt the applicability of a geometric optics formulation
to a case in which the waveguide height is on the order of a wavelength. However, Galejs
a'fl T X nocmnc 1 I9-lI 97shrvsn +-4,n+ +1n n-re -Ie-A -r nrnnn I- nin+ly, nnnnnr .n-rX

1
2- a-.V, .-- Wt~LiJ I) 04110 Y- tLLaLV L1LV 44vlfl~t~t~ 1 11I4U5,~O I)~L oItta1f, 5 Jlr1tV'

4 -J
gives results in close agreement with exact wave theoretic calculations for both VLF and
ELF waves within 1000 km of a transmitter. In our formulation we have omitted the
induction field terms kept by Galejs and retain only the radiation field terms. The induc-
tion field terms should become significant only when the free-space wavelength exceeds
2?r times the slant range from the ionospheric exit point to the receiver. For an ionospheric
height of 70 km the inductive term would not be important for frequencies above 700 Hz.

Env!2uaoivinn dV __

In determining the initial wave direction of a ray trace, Alexander's program employs
two variables, DELI and DELPHI. These correspond to the angles So and S, in Fig. 2,
which shows a coordinate frame with unit vectors r 0, ' with its origin at the satellite's
location. The unit vector r is pointed in the radial direction (away from the center of
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V

Fig. 2 - Propagation wave angles showing relation of angles
6; and 6 to spherical polar angles (a', p')

the earth). The unit vector 0 is perpendicular to ?, lies in the plane of the meridian and
points southward; the unit vector < is orthogonal to both P and 0 and points eastward.
The angle 6Q is the angle between the P vector and the projection of the wave propagation
vector k onto the plane of the meridian (the r, 0 plane). The angle 6,P is the angle between
the P vector and the projection of the wave propagation vector k onto the (P, s) plane. The
transformation between the angles (60, 6tu) to a 0', up' direction in a spherical coordinate
systellm having the saine origin is given by

tan so' = tan S6p cot S0 (7)

(COS2 5sin 2 80 + sin 2 aV Cos 2 ¾0 12

sin0' \ 18- i 2 60 sin2 0(8)
1 - sin sin 6
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The differential element of solid angle dQ is well known in the spherical coordinate sys-
tem as

d2= sin o' do' dp'. (9)

arM tAlftzcTciianivaii yrEu~uut aii 449 ifr Itlttt!L LU Lilt? kliu3lUt IJIUUUuiL "UV "ULPUp t wit:Als 4IU AXtAerenf9I- -1 anl yrJc u1-lsSl-lb owl n-pvuclor2i y £
Jacobian of the transformation given by Eqs. (7) and (8);

dO' d9' = P ' 'P(0 . d) q dS,, (10

where the Jacobian is defined by

a(66 _ 0) - a 0NV asi ase

Evaluating the partial derivatives of Eq. (11) using Eqs. (7) and (8), and combining
Eqs. (9), (10), and (11), we obtain

eCos s Cos S1

(1 -sin 2 b. sin 2 ) 4f2 0 . (

This expression can be used to evaluate the solid angle made by three intersecting rays at
the trsmitter (satellite).

Evaluation of dA4

When the ray path integration finally reaches the earth's surface, the integration
stops. Tne values for the latitude @ and longitude e of the point where the earth's
surface is intercepted are determined by linearly interpolating between the coordinates
of two points that straddle the earth's'surface - one slightly above it and one slightly below
it. Similarly, we evaluate the coordinates (@2, o2) and (@3, +3), the ground intersection
noints of the scondann d n third rav tracs. Frnm theqe three landinv noints an element of
area dAE is then computed according to

dAE a2 pE2 031 jsin ('f21 - 'si3 1 (13)

where a is the radius of the earth, and

P212 = (el - @ 2)2 + sin2 [(@, + @2)2] (I _ 2) (14)

a31 2 - e J. 2 S-42 tt /n m L t.mn bi ta2 (1 -5 ) ItP31 wjl -y3I a"'tkl ''' "~" "'l Cr1 ~U

6
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@1 ® 2
tan 1 =6)

'Y1sin [(~+ 02)12] (4,1 - 2 (6

tan '31 - 3 (17)

sin [(01 + 63)/21 (4F1 - 3)O

The above algorithm [Eqs. (13)-(17)] treats the small area on the spherical earth's surface
as if it were a plane area (which is a very good approximation since dAE < a2). The cal-
culation of dAE for multihop waves is done likewise by applying Eq. (13) to the coordi-
nates of the ground interception points of the multihop wave.

CALCULATIONS AND RESULTS

Ray Tracing Through the Magnetosphere

Ray Traces at 3 kHz -Using the winter nighttime magnetospheric model, we calcu-
lated propagation paths for 3-kHz waves initiated at 300-km height having their wave
normals directed vertically outward from the center of the earth at each 50 in magnetic
dipole latitude in the range 200N to 550N. An earth-centered geomagnetic dipole field
model was used. The ray tracing paths are shown in Fig. 3. Each ray is terminated at its
reflection point (the point at which the ray would reverse its direction and return toward
the northern hemisphere). We may note that none of these rays propagate to the earth's
surface in the southern hemisphere. (The actual occurrence of lightning-induced, ground-
to-ground whistlers at this frequency is commonly attributed to the occurrence of ducts,
i.e., localized enhancements of electron and ion density along a magnetic field line.)

Downgoing Ray Traces - Several reversed rays (Fig. 4) were initiated near the reflec-
tion point of the 3-kHz ray which originally was an upgoing ray originated at, 450N latitude.
The wave normal directions were reversed nearly 1800 from that of the ray traced in Fig. 3,
so the downcoming rays nearly retraced the path of the upgoing ray back towards the
earth's surface in the northern hemisphere. The center ray shown in Fig. 4 has its wave
LnoLJta tJCLUtL4 Lavc lly I1inWaLI LAJVVtOJed Ihe UcIInsCL Vf L4IC acCLL1 WILIt reacdes litle

altitude 300 km. The other two rays are started with wave normals directed ±0.25° with
respect to the center ray. These rays reach 300 km with a spread of approximately 3.50
in latitude. The spreading is not uniform, however, with the inner ray landing approxi-
mately 1° south of the center ray, and the outer ray landing approximately 2.50 north of
the center ray. All the rays shown in Fig. 4 obey Snell's law for propagation into the
earth-ionosphere waveguide.

Propagation Through Various Regimes - During the propagation of a 3-kHz wave
from a source in the magnetosphere to the earth's surface. it ik niiite. nponih1p fnr thp wAvP
to pass from a region in which the index of refraction surface is closed to one in which
the surface is open and vice versa, Usually this does not produce a strong effect on the
propagation of the wave (unless the wave normal is nearly transverse to the magnetic field).

7
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3 kHz RAYS 3 kf~z RAYS

V/ 30 30 31)

60 60 60 60

N - ] S N - --| S

Fig. 3 - Upgoing ray tracings at 3 kHz Fig, 4 - Downward ray traces from a satel-
using a winter nighttime magnetospheric lite position near the reflection point. The
model. The rays are arbitrarily terminated traces show nonsymmetrical N-S spreading
at their reflection points. about the central ray.

For example, the 3-kHz wave illustrated in Fig. 5 passes smoothly from its origin in the
sorthern magnetosphereto its f arhbitry termination 300 RN m above th~e ea+h at 4 0 N la++titde

even though it proceeds from a region in which it has a closed index of refraction surface
(solid line portion of path) to an open surface region (dashed line portion of the path) and
back to a closed surface region. These topological transitions are discussed hy Stix 116].

Frequency Variation of Ray Trajectories - The frequency dependence of the ray
paths of waves propagating in the magnetosphere may permit some aiming of the signal.
Figure 6 shows that there is an extended region of the southern magnetosphere from which
waves in the band from 700 Hz to 30 klz can propagate to the 450 N latitude receiver
location. In principle, a satelliw trausujitter having a range of tA-ansmitted Irequencies
between 700 Hz and 30 kHz in a circular polar orbit at an altitude of 8000 km (dashed line
on Fig. 6) could be in radio contact with a point at 450 N latitude for a period of about 25
min out of an orbital period of 283 min. However, this technique must be regarded only
as an interesting theoretical possibility because its implementation would require that the
transmitter possess fairly detailed information about the intervening magnetoplasma densi-
ties, so that it can select a proper frequency variation with time during its orbital pass.
One approach would have a feedback signal from the communication reception area sent
to the satellite (perhaps via UHF) to control automatically the satellite's frequency to
produce the best reception.

Figure 6 also implies that a transmitter located in the same hemisphere as the receiver
at altitudes less than a few thousand kilometers would not ordinarily gain very much signal
aiming flxihiiitv from freoiinrncv ivnitvm h~rnnoP n1l nf Nho rnev from 7WI H7 to RO lrTr7
appear to follow nearly the same ray path through the lower magnetosphere down to
300 km.

8
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Nr C -Is
Fig. 5 - A 3-kHz ray path shown crossing twice through the
3-kHz lower hybrid resonance frequency regime. The refrac-
tive index surface is open along the dashed portion of the ray
path and closed along the solid line portion.

Ray Tracing Through the Lower lonsophere - As mentioned previously, the com-
puter program employs a Runge-Kutta technique to initiate the numerical integration and
the Adams-Bashford technique to carry out the main bulk of the integration of the
Haselgrove equations. The Adams-Bashford predictor-corrector integration technique com-
putes the new value of the coordinates from a knowledge of the values of the coordinates
and derivatives at previous points in the integration. When the predicted values of the
coordinates differ appreciably from the corrected values, the program reduces the inte-
gration step size by one-half and recomputes the coordinates. When the program is
tracing rays through a boundary where one electron density model (the magnetosphere)
abuts another (the lower ionosphere), it is essential that the two models join continuously
to keep the difference between the predicted and corrected values of the coordinates

9
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Fig. S - Upgoing ray traces at several frequencies
illustrating the aiming flexibility of a very wide-
band, frequency-agile satellite

small in going across the boundary. In implementing lower ionospheric models A-1 and
A-2 in the computer, a brute force method was used to effect the joining between the two
-I-, - _n 4bn IA an+- -- A ;_A_ A-+; i Qff un ,nnrn sn+ nfl In ni o+amrn-r

value they had at the last integration location above 300 km. This ad hoe selection of
the 300-km electron and ion densities causes the predictor-corrector comparator to halve
the step size repeatedly as it tries to pass 300-km height. With sufficiently small step
size, the change in electron densities between the points that straddle the 300-km height
becomes insignificant. The program can then pass through the 300-km level and proceed
to lower altitudes where the electron and ion density profiles are described by smoothly
varying functions of the coordinates. In this lower region the predictor-corrector notices
that very little error is being made and permits the step size to grow larger. Thus, in
itWUr mJUu>t X-X ct uir 5l'11al te 1wan. iies the stv p size ahe ia-y ILeCS UWv uazxeva
at 300 km.

Below 300 km the program doubles the step size rapidly, and the integration auto-

matically speeds up. With model A-1, the program slows down again as the ray height
approaches 70 km. To facilitate the ray tracing, the calculation is stopped at 71.0-km
height, and a new ray is initiated at 69.9 km having the correct wave normal direction
for propagation in the earth-ionosphere waveguide (if the wave normal angle at 71.0 km
is less than the critical angle for exiting from the ionosphere). If at 71.0 km the wave
nrmcald angTe iS etaten -hcn l.h-b -n anrln f- +n t h ,mraxrrn~A^e, Itl, tnlc-a

reflection is assumed to occur, and the ray tracing is halted.

Usually a ray that exits from the lower ionosphere will continue down to the earth's
surface. However, rays that exit from the ionosphere at an angle from the norial exceeding
about 80' will not intersect the earth's surface, but will propagate in a straight line and
intersect the lower ionosphere again. Because there is no way to form an element of area
dAE by using these rays, the ray tracing is terminated when the computer notices that the
radial coordinate of the wave is increasing before a ground reflection takes place.

10
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With model A-2, the integration through the lower ionosphere is slower because there
are numerous boundaries at which the derivatives of electron density are discontinuous.
In model A-2 the computer permits the ray to emerge from the lower ionosphere at 84 km.

Spreading Factor Results

Fiurn 7 chbns the varinratin nf the snreanring fnrtnr with receiver latitude for 3-kHz
waves from a fixed satellite transmitter. Two different transmitter locations and two dif-
ferent lower ionospheric models are used. Figure 8 shows the variation of the spreading
factor with the longitude of the receiver using lower ionospheric model A-1. (Actually, in
performing the latter calculations, &0 was varied while 60 was held fixed at the transmitter.
This procedure resulted in a relatively large change in the longitude of the ground receiver
point and only small change in the latitude. Consequently, the variation with receiver
longitude plotted in Fig. 8 corresponds to a nearly constant latitude.) For the cases shown
in Figs. 7 and 8, the starting direction (5,0, 50) of each initial ray of the triad of rays, and
the incremental step sizes (d otd5e) were inserted by having separate cards read by the
computer.

SPREADING FACTOR
l0-6

E

- 00
I-,

io-lOk

35 40 45 50 55 60 65
LATITUDE (degrees)

70

Fig. 7 - Variation of spreading factor with receiver latitude for
two fixed transmitter locations. The X's and O's are results for
lower ionospheric model A-2. The lines are results for model A-1.
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SPREADING FACTOR

'C-
IE

!<

,Q

0 2 4 6 8 10 12 14
LONGITUDE (degrees)

Fig. 8- Variation of spreading factor with receiver longitude fbz
two fixed transmitter locations. Model A-1 results are shown.

After data for Figs. 7 and 8 were obtained, the program was modified to provide an
automatic choice of $ , Np, d6 b, d8p for efficiently implementing subsequent calculations.
With this procedure the results of Figs. 9 through 13 were obtained using various lower
ionosphere models. Multiple hop spreading factors were also obtained using this automatic
procedure. Plots of the lognitudinal variations of the spreading factor for the multihop case
for transmitter frequencies of 3kHz and 10kHz are shown in Figs. 14 and 15, respectively.

DISCUSSION

Spreading Factor

Figures 7 through 10 imply that, for fixed low-altitude transmitter locations, the
received field at the earth's surface is a very sensitive function of the receiver location.
For example, if the receiver is 3° from the maximum spreading factor point of the "hot-
spot" area, the signal may be reduced by as much as 10 dB.

Figures 9 and 10 show that the spreading factor depends on the selection of the lower
junuspheric model. it is thought that the suppression of the laitude dependence of the
lower ionospheric layers when model A-1 is used may account for the differences in the
calculated spreading factors.

12
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3kHz

10-5

10-'- l\'A-3

1-71

.,-a 10- _ 
8

10-9
XMTR HEiGHT XMTR LATITUDE

818 km 43,6' N

*o1 0'j -

lo-11 
20 25 30 35 40 45 50 55 60 65 70

LATITUDE (degrees)

Fig. 9 - Comparison of latitude variation of spreading
factor using models A-I and A-3

Figures 11 and 12 compare the spreading factors of two transmitters located near the
magnetic equator to those of one located at midlatitude at 303-km height. Figure 13
shows some of the ray traces used in producing Fig. 11. The higher equatorial transmitter
produces a pattern (curve b, Fig. 11) which is much lower in magnitude and broader in
latitude than that (curve a) of the lower altitude transmitter. The pattern of the higher
equatorial satellite also appears to be much smaller in longitudinal extent (approximately
70) than in latitudinal extent (approximately 17°). The lower equatorial satellite (curve c)
d4-oes not produce such a broad latitudirnal covernge pa+tern, nor fS there as much dirffence
between its latitudinal and longitudinal coverage patterns. The magnetospheric plasma
density model contains a latitudinal variation which, as shown in Fig. 3, causes a relatively
complicated focusing and defocusing of rays that originate at different latitudes and
altitudes. The plasma model effects appear to be reflected here in the difference in
coverage patterns by transmitters located at different heights above the magnetic equator.
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Fig. 10 - Comparison of longitude variation of spreading
factor using models A-1 and A-S
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Fig. 11 - Latitude variation of spreading factor for
various conditions: (a) transmitter slightly below F-layer;
(b) and (c) high-altitude transmitters located near equator.
Model A-3 was used.
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Fig. 12 - Longitude variation of spreading factor for
various conditions: (a) transmitter slightly below F-layer;
(b) and (e) high-altitude transmitters located near equator.
Model A-S was used.

1 6

,#E
.0

IC jo-a _-

IC-4

,07 _-



NRL REPORT 7814
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30

Fig. 13 - Ray traces used to obtain spreading
factors shown in Fig. 11 for case b
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Fig. 14 - Longitudinal variation of multihop spreading
factors at 3 kHz using models A-1 and A-2 ionospheres
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Fig. 15- Longitudinal variation of multihop spreading
factors at 10 kHz using model A-2 ionosphere

Smith and Rorden Comparison

Smith and Rorden [171 have presented an approximate equation for the signal power
budget of an ELF/VLF transmitting satellite. They use a factor (Eq. (18)) that is analo-
gous to our spreading term appropriate for the maximum signal point of the hot spot

1 d2(°') 1

cos 0 dAE 2 f 2 (18)

where p is the index of refraction of the wave at the satellite, and h is the height of the
earth-ionosphere waveguide.

Table 1 presents a comparison of results using Eq. (18) and our results using ray
tracing techniques. The appropriate value of A was obtained from the ray tracing output.
From the cases shown in Table I we see that the values of the Smith-Rorden spreading
factor fail in the range of values predicted by ray tracing techniques, but differences
between the factors by as much as a factor of 3 occur, Further, Eq. (18) predicts that
.L1_- ____ J : - _-I -:____ _1_ _1… £L - - L J _t:_ .:. _'_ /01 0 I_
I'lit b~lUII SEblblUUlllaYdbbt 4ii _ll d ~41U lt o0t PwaUin11g uitUL- bnuuiu nicren fact Uzit sUpeading if$atiUir Iii Ucangeu ThUeu difofO rne,
43.6('N) to (2152 krn, 38.50 N). In fact, the spreading factor decreases. These differences
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Table 1
Comparison of the 3-kHz Geometrical Spreading Factor

with the Approximate Value of Smith and Rorden

Transmitter II
Coordinates | Lower Ionosphere, Eq. (18) Prediction* Our Prediction

Model t km- 2 ) k(
Height (Km) I Latitude I

818 43.60 N A-1 6.8 X 10-7 4.3 X 10-7

818 43.60N A-2 4.7 X 10-7 2.8 X 10-7

818 43.6&N A-3 4.6 X 10-7 1.77 X 10-6

2152 38.50 N A-1 8.95 X 10- 7 2.0)X 10-7

2152 j 38.50N A-2 j 6.21 X i0-7 J 1.6 X 10-i

*For comparisons to our prediction using Models A-1, A-2 and A-3, we have used heights h of
70, 84, and 70 km, respectively, in Eq. (18).

occur, in part, because Eq. (18) ignores any spreading occurring during propagation from
the satellite to the lower ionosphere boundary.

Multihop Spreading Factors

Figures 14 and 15 show the results of multihop evaluations of the spreading factor.
We note that near the center of the spreading factor pattern the direct path spreading fac-
tor is the largest; but as the receiver location moves away from this central location the
spreading factors of rays having one, two, and then three, etc., reflections from the
ionosphere are largest in their turn.

CONCLUSIONS

Single and multiple hop spreading factors have been evaluated for a number of cases.
In all low altitude transmitter cases the spreading factor decreased rapidly in magnitude as
distance from the maximum point of the hot spot power pattern increased. The spreading
factor pattern is shown to depend on the lower ionospheric model used for calculations.
The spreading factor is shown to be smaller and less sensitive to receiver location for a
fixed high altitude transmitter location. Qualitative and quantitative differences exist
between our spreading factor results and those obtained using an expression of Smith and
Rorden.
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Appendix

LOWER IONOSPHERIC MODELS

The three lower ionospheric models that were used to produce the spreading factor
results shown in this report are described in this appendix.

LINEAR LOWER IONOSPHERIC MODEL

Model A-I, the linear lower ionospheric model, is rather simple in form. The
electron and ion densities are selected so that they diminish linearly with height between
300 and 70 km. The particle densities at 300 km are fixed by the computer to be equal
to the particle density of the magnetospheric model at the point where the ray crosses
the 300-km level. The linear variation of particle density with height is then fixed so that
the densities would equal zero particles per cubic centimeter at a 70-km height. The
particle densities are fixed so as not to vary in latitude or longitude once the ray passes
below 300 km.

LOWER IONOSPHERIC MODEL A-2

In model A-2 the electron density variation with height is more complicated and
hopefully more realistic.* As with model A-1, the electron and ion densities at 300 km
are set equal to the densities of the magnetospheric model at the point where the ray
crosses the 300-km level. The ion densities are set to decrease linearly from their values
at 300 km down to zero at S-kmn height. The electron density varies with height in a
more complicated way. The electron density profile is divided into six layers. In each
layer the electron density N(h) is calculated by an expression of the form

1(h) = No 1 0 a0 +a' (+u2h2 +a3h3 (Al)

where No is an overall normalizing parameter for each layer; aO 01, a2, and a3 are
chosen to fit a model ionosphere; and h is the height of the point above the ground.
The No parameter of each layer is chosen to make the electron density variation con-
tinuous with height in proceeding from a higher layer to a lower one. In the layer
between 100.0- and 95.0-km height, a linear variation of electron density with height
is assumed. In the layer below this linear variation, No is set equal to 1.0t Below 84.0
km the electron and ion densities are all set to zero. The electron and ion densities are
not permitted to vary with latitude or longitude below 300 km.

*J. Galejs, "Stable Solutions of Ionospheric Fields in the Propagation of ELF and VLF Waves," Radio
Sel. 7, 549-561 (1972).
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Figure Al shows typical electron density profiles from models A-1 and A-2. Table
Al presents a list of the layer boundary heights and the values of the lai I within these
layers for model A-2.

300

250 -

200 -

150-

A1MDEL
100

50 , 1 
io3 1t 4 105

nfeh) (crr 3 )

Fig. Al -Graphs showing typical electron density
profiles for models A-1 and A-2

SMOOTHLY VARYING LOWER IONOSPHERIC MODEL A-3

Ionospheric model A-3 is a latitude-dependent model having a smoothly varying
electron density profile. It is joined to the magnetospheric model at the reference
height of 900 km. Below 900 km the relative ion abundance ratios along each geo-
magnetic field line are fixed at their reference height values.

The electron density profile for model A-3 is divided into a number of concentric
layers. In each layer the electron density N is calculated using an expression of the
form

N(h,O) = N00 + 15 + a2S2 + a3S3 + a4S4900

where Ngoo is the electron density at the reference height along the field line passing
through the point given by altitude h and latitude 6. The normalized height s is defined
by
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Table Al
Values of the 4a1 } used in Producing Model A-2

Layer Layecj ghts
Number 30 mao al a2a

1 300 240 -6.341346X10 1 7,382568X10-1 -2.651159X10-3 3.168195X 10-6

2 240 200 3.118793X102 -4b295851 1.978827X10-2 3,007970X10-5

3 200 100 2.605656 1.544002X1O-2 -1.429726X10-4 4,528743X10-7

4 100 95

5 95 85 - 7724051XI02 2.617383X101 -2.944590X10-1 1A103716X103

6 85 84 -2.318612X10 3 8.991779X101 -1.161261 4,99645SX10-3
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s (h - ha) / (900 - ha)

with ha equal to the lower boundary height of the ionosphere. Table A2 lists the layer
boundary heights and the values of the coefficients {a fI within each layer for model A-3.
The coefficients wvere chosen to closely approximate observed electron density profiles
from the F layer peak to 900 km and to provide a smooth transition from this peak to
the low electron densities observed near the bottom of the ionosphere. Figure A2 shows
the variation of the normalized electron density along a field line as a function of altitude.

Because the normalization constant logloNgoo appearing in Fig. A2 is latitude
dependent, the actual electron density vs height profile varies from one field line to
another in this model.

Table A2
Values of the ja, I used in Producing Model A-3

Layer Layer Heights
Number T(kin) ao al a2 a3 a4[ube Top IBottom __a __ , _ _a _ _ _ _

1 111.5 70 0.00000 18.60000 488.2222 -12768.8888 60088.88888

2 194.5 111.5 0.85930 0.99233 11.4155 - 65.0222 107+55555

3 319 194.5 1.36084 - 7.13689 52.166 -118.8938 73.50349

4 900 319 11.45814 -3.4423 2.4989 - 0.62473
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Fig. A2 - Graph showing typical electron density
profile along field lines for model A-3

26

--I
a
-~j
U-
O

z0

I.-


